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Variable intervalAbstract For random vibration of airborne platform, the accurate evaluation is a key indicator to
ensure normal operation of airborne equipment in ﬂight. However, only limited power spectral den-
sity (PSD) data can be obtained at the stage of ﬂight test. Thus, those conventional evaluation
methods cannot be employed when the distribution characteristics and priori information are
unknown. In this paper, the fuzzy norm method (FNM) is proposed which combines the advanta-
ges of fuzzy theory and norm theory. The proposed method can deeply dig system information from
limited data, which probability distribution is not taken into account. Firstly, the FNM is employed
to evaluate variable interval and expanded uncertainty from limited PSD data, and the performance
of FNM is demonstrated by conﬁdence level, reliability and computing accuracy of expanded
uncertainty. In addition, the optimal fuzzy parameters are discussed to meet the requirements of
aviation standards and metrological practice. Finally, computer simulation is used to prove the
adaptability of FNM. Compared with statistical methods, FNM has superiority for evaluating
expanded uncertainty from limited data. The results show that the reliability of calculation and
evaluation is superior to 95%.
ª 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
The evaluation from limited data is a common issue in aviation
engineering. Thus, it is difﬁcult to obtain convictive results if
statistical theory is still employed when the precise probability
density function (PDF) and priori information are unknown.
However, fuzzy theory, grey theory, bootstrap method (BM),
Monte Carlo method and other new methods dealing with
limited data also show their advantages. For example, Lu
Fuzzy norm method for evaluating random vibration of airborne platform from limited PSD data 1443and Sun1 researched maintainability evaluation model based
on fuzzy theory. Wang et al.2 proposed a novel method for
evaluating surface roughness by grey dynamic ﬁltering. Buist
et al.3 used a vectorial bootstrapping approach for integrated
GNSS (global navigation satellite system)-based relative posi-
tioning and attitude determination. Siva et al.4 analyzed uncer-
tainty quantiﬁcation in helicopter performance using Monte
Carlo simulations (MCS). Zhang et al.5 studied static frame
model validation with small samples solution using improved
kernel density estimation and conﬁdence level method. There-
fore, these methods can be regarded as a signiﬁcant comple-
ment of conventional statistical theory.
Random vibration is usually expressed as power spectral
density (PSD) data in frequency domain and each element in
data sequence can be regarded as a random function. As for
research of random vibration in aeronautics, the generation
of non-Gaussian random vibration excitation signal for reli-
ability enhancement test was analyzed by Yu and Jiang.6 Non-
linear vibration characteristics of coriolis mass ﬂowmeter were
studied by Zheng et al.7 Matrix power control algorithm for
multi-input multi-output (MIMO) random vibration test was
introduced by Cui et al.8 time-varying auto regressive (TVAR)
time–frequency analysis for non-stationary vibration signals of
spacecraft was discussed by Yang et al.9
For random vibration of airborne platform, the accurate
evaluation is a key indicator to ensure the normal operation
of airborne equipment in ﬂight.10 The conventional evaluation
methods, i.e. GJB/Z 126-99, MIL-STD-810F and NASA-
hdbk-7005,11–13 require a large number of PSD data to obey
some typical distributions. However, only limited PSD data
can be obtained at the stage of ﬂight test. Thus, unconventional
evaluation method could be taken into account when distribu-
tion characteristics and priori information are unknown.
In the recent years, the fuzzy theory has been widely used in
aeronautical engineering, such as fuzzy multi-objective optimi-
zation, fuzzy expert system, fuzzy reliability analysis, adaptive
fuzzy torque control and fuzzy virtual force, etc.14–18 What’s
more, many research efforts have been devoted to combine
fuzzy theory with other theories, such as neuro-fuzzy theory,
fuzzy chaos method, fuzzy logic modeling, fuzzy petri net
and maximizing fuzzy entropy, etc.19–23Fig. 1 Evaluation pIn the previous study, we proposed the grey BM to estimate
random vibration in a single ﬂight test and the data is provided
by the Comprehensive Technology Research Institute of China
Aviation.24 However, when limited groups of PSD data are
obtained, how to evaluate variable interval and uncertainty at
a certain frequency point are further problems that need to
be solved.
In this paper, a novel method called fuzzy norm method
(FNM) is proposed which combines advantages of fuzzy theory
and norm theory.25,26 The internal relation of limited data can
be quantiﬁed by fuzzy subordination functions. In addition, the
best approximation values of fuzzy subordination functions are
obtained by the inﬁnite norm. Therefore, the proposed method
can deeply dig system information from limited data, whose
probability distribution is not taken into account.2. Fuzzy norm method
The evaluation principle of FNM can be described brieﬂy in
Fig. 1, and the detailed process is expressed as follows.
2.1. Fuzzy norm modeling
At the stage of ﬂight test, assuming one group of PSD data in a
single ﬂight is represented as
F1 ¼ ff1ð1Þ;    ; f1ðkÞ;    ; f1ðmÞg ð1Þ
where f1(k) is the kth PSD data of F1 and m represents all dis-
crete frequency points.
Suppose the number of ﬂight test is n, then n groups of PSD
data can be described as a vector F, which is given by
F ¼
F1
F2
..
.
Fi
..
.
Fn
2
66666666664
3
77777777775
¼
f1ð1Þ;    ; f1ðkÞ;    ; f1ðmÞ
f2ð1Þ;    ; f2ðkÞ;    ; f2ðmÞ
..
.
fið1Þ;    ; fiðkÞ;    ; fiðmÞ
..
.
fnð1Þ;    ; fnðkÞ;    ; fnðmÞ
2
66666666664
3
77777777775
ð2Þrinciple of FNM.
Fig. 2 Geometric description of FNM.
1444 Z. Wang et al.At the frequency point k, these n data are expressed as
FiðkÞ ¼ ff1 kð Þ;    ; fi kð Þ;    ; fn kð Þg ð3Þ
Sequence Fi(k) is sorted in ascending order and forms a new
data sequence as
X ¼ fx1;    ; xi;    ; xng xi 6 xiþ1 ð4Þ
The difference value of adjacent data is given as
Di ¼ xiþ1  xi P 0 ð5Þ
Based on the difference value Di, the distribution factor is
deﬁned as
mj ¼ 1 Dj  DminDmax ðj ¼ 1; 2;    ; n 1Þ ð6Þ
with
Dmax ¼ maxn1
j¼1
Dj ð7Þ
and
Dmin ¼ min
n1
j¼1
Dj ð8Þ
where mj is the jth distribution factor. According to fuzzy the-
ory,27,28 the estimated value Xv and the sequence number v are
xi corresponding to mmax and the sequence number i. If there
are several same mmax, Xv and v are deﬁned by the mean value.
The monotonic functions are deﬁned as
f1j xj
  ¼ mj ðj ¼ 1; 2; . . . ; vÞ ð9Þ
and
f2j xj
  ¼ mj ðj ¼ v; vþ 1; . . . ; n 1Þ ð10Þ
where f1j(xj) and f2j(xj) are left increasing function and right
decreasing function, respectively.
The monotonic functions f1j(xj) and f2j(xj) are approxi-
mated by the following polynomials
f1ðxÞ ¼ 1þ
XL
l¼1
alðX0  xÞl x 6 X0 ð11Þ
and
f2ðxÞ ¼ 1þ
XL
l¼1
blðx X0Þl xP X0 ð12Þ
where f1(x) and f2(x) are fuzzy subordination functions, al
and bl are polynomial coefﬁcients, X0 is true value and l is
polynomial order, l= 1,2, . . ., L. When limited data is
obtained, the value of polynomial order l is usually taken as
2 or 3.
Deﬁne
r1j ¼ f1 xj
  f1j xj  ðj ¼ 1; 2; . . . ; vÞ ð13Þ
and
r2j ¼ f2 xj
  f2j xj  ðj ¼ v; vþ 1; . . . ; n 1Þ ð14Þ
According to the norm theory,27,28 the inﬁnite norm is
deﬁned as
jjrjj1 ¼ max
n
j¼1
jrjj ð15ÞThe polynomial coefﬁcients al and bl are satisﬁed by
min
al
jjr1jj1 ð16Þ
and
min
bl
jjr2jj1 ð17Þ
Where al and bl are the best approximation values under the
inﬁnite norm.
The constraint conditions of Eqs. (16) and (17) are given by
df1
dx
P 0 ð18Þ
df2
dx
6 0 ð19Þ
0 6 f1ðxÞ 6 1 ð20Þ
0 6 f2ðxÞ 6 1 ð21Þ
In general, the priori information and probability distribu-
tion are not taken into account in fuzzy norm modeling. The
performance of fuzzy norm modeling is demonstrated by using
a group of evaluation indices in the following text.
2.2. Evaluation indices
In terms of fuzzy theory, the transformation of system prop-
erty is expressed as
GðxÞ ¼ 1 ðtrueÞ qP q

0 ðfalseÞ q < q

ð22Þ
where G(x) is the transformation function of system property
and q 2 ½0; 1 is fuzzy level. According to the fuzzy theory,26
the fuzzy level q deﬁnes the boundary from true to false. There-
fore, the optimum fuzzy level q* is usually equal to 0.5 which is
the most able to characterize the fuzziness. However, when
limited data are available, the value of fuzzy level q is usually
taken as 0.4–0.5.
The variable interval can be obtained as
min f1ðxÞ  qj jx ¼ XL ð23Þ
and
min f2ðxÞ  qj jx ¼ XU ð24Þ
where XL and XU are the lower and upper limits of variable
interval.
Fig. 3 Five groups of PSD data in frequency range of 100–
200 Hz.
Fig. 4 Variable interval in frequency range of 100–200 Hz
(q= 0.4).
Fuzzy norm method for evaluating random vibration of airborne platform from limited PSD data 1445The geometric description of FNM is shown in Fig. 2.
In FNM, probability density function is deﬁned as the sum
area of fuzzy subordination functions f1(x) and f2(x), which is
given by
p ¼ fðxÞR X0
xL
f1ðxÞdxjq¼0 þ
R xU
X0
f2ðxÞdxjq¼0
ð25Þ
where the symbol ‘‘|q = 0’’ means under the condition of fuzzy
level q= 0.
The conﬁdence level is given by
P ¼
R X0
xL
f1ðxÞdxjq þ
R xU
X0
f2ðxÞdxjqR X0
xL
f1ðxÞdxjq¼0 þ
R xU
X0
f2ðxÞdxjq¼0
 100% ð26Þ
where the symbol ‘‘|q’’ means under the condition of fuzzy level
q. The value of conﬁdence level P is affected by fuzzy param-
eters l and q, simultaneously. Therefore, the requirement of
conﬁdence level P can be satisﬁed by adjusting fuzzy parame-
ters l and q appropriately.
The reliability at conﬁdence level P is deﬁned as
Pr ¼ 1 e
N
 
 100% ð27Þ
where e is the number of testing data outside variable interval
[XL, XU] and N is the total number of testing data. In metro-
logical practice, the best evaluation result is reliability PrP P.
In FNM, the expanded uncertainty U is deﬁned as
U ¼ XU  XL ð28Þ
The expanded uncertainty U calculated by FNM is an
unconventional method. In statistical theory, the probability
distribution should be known from a large number of data.
In addition, the expanded uncertainty U is obtained by calcu-
lating standard deviation. In contrast, the expanded uncer-
tainty U is deﬁned as the difference value of variable interval
[XL, XU] in FNM. Moreover, FNM can be used under the con-
ditions of unknown probability distribution from limited data.
The computing accuracy of expanded uncertainty U is
expressed as
dU ¼ jUUTj
UT
 100% ð29Þ
where UT is the true value of expanded uncertainty.
3. Evaluation of variable interval
For a certain type of aircraft, only ﬁve groups of PSD data can
be obtained at present. Hence, we select the former four
groups to evaluate variable interval [XL, XU], and the ﬁfth
group as testing data to calculate reliability Pr. The measure-
ment range is from 15 Hz to 2000 Hz and frequency interval
unit is 5 Hz.
3.1. Discussion of optimal fuzzy parameters
In aviation standards, the value of conﬁdence level P is usually
required greater than 95%. According to FNM, the fuzzy
parameters l and q codetermine the value of conﬁdence level
P. Therefore, the fuzzy parameters l and q should be exhaus-
tively discussed to meet the requirements of conﬁdence level
P. We vary one of the fuzzy parameters l and q at a time indifferent frequency ranges. The detailed discussion of optimal
fuzzy parameters is expressed as follows.
Fig. 3 shows ﬁve groups of PSD data in frequency range of
100–200 Hz. Fig. 4 shows variable interval [XL, XU] when
l = 2 and 3 (fuzzy parameter q= 0.4), respectively. It is clear
that variable interval [XL, XU] is wider when l= 3. All testing
data are enveloped by variable interval [XL, XU] when l = 2
and 3, then reliability Pr = 100%. In addition, Fig. 5 shows
the comparison of conﬁdence level P. The mean value of
conﬁdence level are P1 = 87.09% and P2 = 95.6% when
l = 2 and 3, respectively. Therefore, the optimal fuzzy param-
eter is l = 3 in order to meet the requirements of conﬁdence
level P> 95%.
Fig. 5 Comparison of conﬁdence level P when l = 2 and 3.
Fig. 6 Five groups of PSD data in frequency range of 200–
300 Hz.
Fig. 8 Comparison of conﬁdence level P when q = 0.4 and 0.5.
Fig. 9 Five groups of PSD data in frequency range of 500–
700 Hz.
1446 Z. Wang et al.Similarly, Fig. 6 shows ﬁve groups of PSD data in frequency
range of 200–300 Hz. Fig. 7 shows variable interval [XL, XU]
when q = 0.4 and 0.5 (the fuzzy parameter l= 3), and the com-
parison of conﬁdence level P is shown in Fig. 8. It can be seen
that when q= 0.4, the mean value of conﬁdence level
P1 = 96.88% and reliability Pr = 100%. In contrast, when
q= 0.5, the mean value of conﬁdence level P2 = 87.62%,
and for N= 20 testing data, there is e= 1 testing data outside
the variation domain [XL, XU], then reliability Pr = 95%.
Therefore, the optimal fuzzy parameter is q = 0.4 in order to
keep conﬁdence level P> 95% with a prefect reliability Pr.
It should be pointed out that the conﬁdence level calculated
by FNM is different from statistical methods. In FNM, the
value of conﬁdence level P1 is about 95% when the optimal
fuzzy parameters are l= 3 and q = 0.4, respectively. In
contrast, the given conﬁdence level P2 of statistical methodsFig. 7 Variable interval in frequenis usually taken as 99.73%-100% (P1 < P2). However, the
conﬁdence level P1 of FNM can reach more ideal evaluation
results than the given conﬁdence level P2 of statistical methods.3.2. Comparison of FNM and BM
The BM can imitate probability distribution of a system via
resampling under the condition of unknown probability
distribution.27,28 Thus, we compare the performance of
FNM with BM’s for evaluating variable interval [XL, XU]. In
BM, the given conﬁdence level is P= 95% and bootstrap
resampling is B= 1000. In FNM, the fuzzy parameters are
l= 3 and q= 0.4. We take frequency range of 500–700 Hz
for discussion, and the ﬁve groups of PSD data are shown in
Fig. 9.cy range of 200–300 Hz (l= 3).
Fig. 11 Variable interval in frequency range of 600 Hz to
700 Hz.
Fig. 10 Variable interval in frequency range of 500–600 Hz.
Table 1 Comparison of conﬁdence level and reliability
calculated by two methods.
Method Number of data outside [XL, XU] P (%) Pr (%)
BM 115 95.0 71.0
FNM 16 95.2 95.9
Fuzzy norm method for evaluating random vibration of airborne platform from limited PSD data 1447Fig. 10 shows the variable interval [XL, XU] calculated by
BM and FNM in frequency range of 500–600 Hz. It can be
seen that the ﬂuctuation of PSD data is drastic and the maxi-
mum difference value of PSD data is 8.52 · 104 g2ÆHz1. The
width of variable interval [XL, XU] calculated by BM is nar-
rower than FNM’s. In BM, for N= 20 testing data, there is
e= 8 testing data outside variation domain [XL, XU], then
the reliability is Pr = 60%. In FNM, there is e= 2 testing
data outside variation domain [XL, XU], then the reliability is
Pr = 90%.
Similarly, Fig. 11 shows variable interval [XL, XU] calcu-
lated by BM and FNM in frequency range of 600–700 Hz.
The ﬂuctuation of PSD data is smooth and the maximum dif-
ference value of PSD data is 3.41 · 104 g2ÆHz1. In BM, there
is e= 5 testing data outside variation domain [XL, XU], then
the reliability is Pr = 75%. In FNM, all the testing data are
perfectly enveloped by variation domain [XL, XU] and reliabil-
ity is Pr = 100%.
Table 1 shows the comparison of conﬁdence level P and
reliability Pr calculated by two methods in frequency range
of 15–2000 Hz. It can be seen that the reliability Pr calculated
by BM does not meet the requirements of aviation standards.
However for FNM, the conﬁdence level is P= 95.2%> 95%
and the reliability Pr > P, which can satisfy the requirements
of aviation standards and metrological practice, simulta-
neously. Therefore, the compared results show that the perfor-
mance of FNM is far better than BM’s for evaluating variable
interval [XL, XU].
4. Evaluation of expanded uncertainty
4.1. Computer simulation
By computer simulation, a large amount of data obeys normal
distribution, data sizesN= 100, true value X0 = 100 and stan-
dard deviation r= 0.1, thus the true value of expanded uncer-
tainty is UT = 6r= 0.6. We select 10 data from original
simulation data randomly, and use FNM (the fuzzy parameters
are l= 3 and q= 0.4) to evaluate the variable interval [XL,
XU], expanded uncertainty U and computing accuracy of
expanded uncertainty dU. The evaluation results based on the
former 4 data, 6 data, 8 data and 10 data are listed in Table 2.
Table 3 shows the expanded uncertainty U and computing
accuracy of expanded uncertainty dU based on 10 data, 20
data and 50 data from original simulation data. The simula-
tion results show that the computing accuracy of expanded
uncertainty calculated by FNM can reach 0.05%.
4.2. Comparison of FNM and statistical methods
The expanded uncertainty U can be calculated by different sta-
tistical methods including Bessel formula, maximum residual
error method, range method and Peters method, etc.29,30 Based
on 10 data (in Table 2), Table 4 shows evaluation results cal-
culated by different methods. For limited data, the perfor-
mance of FNM is far better than statistical methods for
evaluating the expanded uncertainty U.
Table 5 shows the comparison of FNM (the fuzzy parame-
ters are l= 3 and q= 0.4) and Bessel formula based on 10
simulation data under the conditions of known true value
UT. It can be seen that the accuracy of FNM is much higher
Table 2 Evaluation results based on different number of data.
No. Former 4 data Former 6 data Former 8 data 10 data
1 100.23945 100.23945 100.23945 100.23945
2 99.99800 99.99800 99.99800 99.99800
3 100.11913 100.11913 100.11913 100.11913
4 99.84271 99.84271 99.84271 99.84271
5 99.98335 99.98335 99.98335
6 100.09880 100.09880 100.09880
7 100.03864 100.03864
8 100.25977 100.25977
9 99.99393
10 100.05003
[XL, XU] [99.783, 100.481] [99.796, 100.321] [99.814, 100.400] [99.809, 100.411]
U 0.698 0.525 0.586 0.602
dU (%) 16.3 12.5 2.33 0.3
Table 4 Evaluation results calculated by different methods.
Method U dU (%)
Bessel formula 0.7452 24.2
Maximum residual error method 0.7512 25.2
Range method 0.8124 35.4
Peters method 0.9288 54.8
FNM 0.6018 0.3
Table 5 Comparison of FNM and Bessel formula.
Probability distribution dU (%)
Bessel formula FNM
Normal distribution 24.20 0.30
Rayleigh distribution 21.75 3.94
Triangular distribution 22.56 1.64
Uniform distribution 77.38 3.22
Table 3 Expanded uncertainty and computing accuracy of
expanded uncertainty calculated by FNM.
Number of data U dU (%)
10 0.6020 0.30
20 0.6012 0.20
50 0.6003 0.05
Fig. 12 Expanded uncertainty U1 and U2 in frequency range of
1000–1100 Hz.
1448 Z. Wang et al.than Bessel formula’s. For different probability distributions,
the computing accuracy of expanded uncertainty calculated
by FNM is less than 4%.
As can be seen, the mean computing accuracy of expanded
uncertainty calculated by FNM is dU1 = (0.30%+
3.94%+ 1.64%+ 3.22%)/4 = 2.28%. In contrast, the mean
computing accuracy of expanded uncertainty calculated by
Bessel formula is dU2 = (24.20%+ 21.75%+ 22.56%+
77.38%)/4 = 36.47%. Considering the computing accuracy
form limited data, the results show that the FNM is far more
accurate than statistical methods.4.3. Evaluation of expanded uncertainty from limited PSD data
Since there are ﬁve groups of PSD data which can be obtained
at present, we can select the former four groups or all ﬁve
groups to evaluate expanded uncertainty U. Fig. 12(a) shows
the expanded uncertainty U1 based on the former four groups
in frequency range of 1000–1100 Hz. In addition, Fig. 12(b)
shows the expanded uncertainty U2 based on the ﬁve groups
in the same frequency range. It can be seen that the change
trend of expanded uncertainty U1 and U2 is roughly consistent.
Fig. 13 shows the comparison of expanded uncertainty U1
and U2. The maximum values of expanded uncertainty are
U1max = 6.71 · 105 g2ÆHz1and U2max = 7.51 · 105 g2ÆHz1,
Fig. 13 Comparison of expanded uncertainty U1 and U2.
Fuzzy norm method for evaluating random vibration of airborne platform from limited PSD data 1449respectively, both corresponding to frequency point 1015 Hz.
The minimum value of expanded uncertainty are
U1min = 0.69 · 105 g2ÆHz1 and U2min = 1.07 · 105 g2ÆHz1
corresponding to the frequency point 1055 Hz. Therefore, the
evaluation results of expanded uncertainty U1 and U2 are con-
sistent for the same frequency range.
Based on ﬁve groups of PSD data, FNM is employed to
evaluate the expanded uncertainty U in frequency range of
15–2000 Hz. The results show that the maximum value of
expanded uncertaintyUmax = 55.7 · 105 g2ÆHz1 corresponds
to the frequency point 505 Hz. And the minimum value of
expanded uncertainty Umin = 0.4 · 105 g2ÆHz1 corresponds
to the frequency point 80 Hz. Above evaluation results can
provide theoretical guidances for developing vibration stress
conditions and ensuring normal operation of airborne equip-
ment in ﬂight.5. Conclusions
(1) The FNM includes fuzzy norm modeling and a group of
evaluation indices. FNM is employed to evaluate the
variable interval [XL, XU] and expanded uncertainty U
from limited PSD data, and the performance of FNM
is demonstrated by the conﬁdence level P, reliability Pr
and computing accuracy of expanded uncertainty dU.
(2) When optimal fuzzy parameters are l= 3 and q= 0.4,
the evaluation results satisfy the requirements of avia-
tion standards and metrological practice. The compared
results show that the performance of FNM is far better
than BM’s for evaluating variable interval [XL, XU] and
the reliability of calculation and evaluation is superior to
95%.
(3) Computer simulation is used to prove the adaptability of
FNM. The simulation results show that the computing
accuracy of expanded uncertainty can reach 0.05%.
For different probability distributions, the computing
accuracy of expanded uncertainty is less than 4%. Com-
pared with statistical methods, FNM has superiority for
evaluating the expanded uncertainty from limited data.
Based on different groups of PSD data, the evaluation
results of expanded uncertainty are consistent. However, the
computing accuracy of expanded uncertainty from limited
PSD data should be evaluated in future when a large numbers
of PSD data are obtained.Acknowledgements
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